The equations for the rotation of non-axisymmetric ellipsoids in a simple shear flow at low Reynolds numbers are derived in terms of Euler angles. Numerical solutions of this third-order system of equations show a doubly periodic structure to the rotation, with a change in the general nature of the solutions when a certain planar rotation of the particle becomes unstable. Some analytic progress can be made for nearly spherical ellipsoids and for nearly axisymmetric ellipsoids. The near spheres show the same qualitative behaviour as the general ellipsoids. Quite small deviations from axial symmetry are found to produce large changes in the rotation.
Introduction
The bulk properties of a suspension of rigid non-spherical particles depend strongly on the orientation of the particles. To calculate the orientation distribution it is first necessary to 'study just the rotation of the particles in a viscous shear flow. Then many other effects, such as Brownian motion, inertia, non-Newtonian behaviour of the suspending fluid, and hydrodynamic and electrical interactions between the particles should be considered, although we will be considering none of these secondary effects in this paper.
The rotation of an axisymmetric particle in a simple shear flow has been studied in detail, both theoretically by Jeffery (1923) and Bretherton (1962), and experimentally by Mason and co-workers (cf. Goldsmith & Mason 1967). The particle motion consists of a spin about the axis of symmetry and a precession of this axis about the voyticity of the undisturbed flow. The rate of spin is equal to the component of the vorticity in the direction of the axis of symmetry. The precession of the axis is described, in terms of polar angles, by the well-known solution of Jeffery (1923), which we shall discuss in detail in the next section. It is sufficient to note here that there is an infinite one-parameter family of precessional orbits covering the orieritation space. These orbits are labelled by a parameter C , which is termed the orbit constant, and which ranges from C = 0 (axis of symmetry parallel to the undisturbed vorticity) to C = co (axis in the plane perpendicular to the undisturbed vorticity), see figure 2. The key result of Jeffery's analysis is that a given particle traverses a fixed orbit for all time unless its motion is disturbed by 'external' effects, such as hydrodynamic or electrical interactions with nearby particles or Brownian rotations.
There have been many theoretical investigations of the bulk properties of a suspension of axisymmetric particles in a simple shear flow, including several recent attempts to generalize the results to a broader class of ' suspension-like ' materials, e.g. macromolecular solutions. Inherent in most of these latter studies is the supposition that axisymmetric particles are representative of the motions of real particles or macromolecules, even though the particles may not be precisely axisymmetric. Specifically, one assumes that small departures from axisymmetry will produce only small changes in the hydrodynamically induced rotation of the particles. For time scales comparable to the period of a Jeffery orbit, this is plausible. However, it is possible that small instantaneous alterations of the particle motion could lead to more important accumulative changes over a longer period of time, e.g. a slow drift in time of the effective orbit 'constant '. This possibility is examined in the present paper for the case of nearly axisymmetric ellipsoidal particles in a simple shear flow. In addition we examine the motion of general ellipsoids. I n this general case the rotation changes drastically from that of an axisymmetric ellipsoid, and a description in terms of a spin and an orbital precession of an 'axis of symmetry' is not sensible. Our investigation is split into six parts. In $2, we derive the governing equations for general ellipsoids, discuss the problems of representing their solution, and recall the wellknown solution of Jeffery (1923) for axisymmetric spheroidal particles. Section 3 is concerned with the numerical solution of the governing equations for general ellipsoids. Changes in the general structure of the solution are interpreted in 44 in terms of the change in stability of certain planar rotations. Analytical solutions are presented in $95 and 6 for nearly spherical ellipsoids and for nearly axisymmetric ellipsoids, respectively. Recently Gierszewski & Chaffey (1978) have written down the equations governing the rotation of an ellipsoid and have presented some numerical solutions, They did not, however, recognize the structure of the solution or give any analysis corresponding to our 444, 5 and 6.
The governing equations
We consider the creeping motion of a general ellipsoidal particle in a simple shear flow. Relative to the non-rotating reference frame xyz, see figure 1, the undisturbed
flow is taken to be To describe the rotation of the particle we consider a second reference frame, denoted x'y'z' in figure 1, which is coincident at each instant with the principal axes of the particle. The transformation from the frame x to the frame x' is carried out via the X' = A . x , rotation matrix, which is itself defined in terms of Euler angles 8 , $ , $. As shown in figure 1, we specify these angles in the Goldstein sense (Goldstein 1950) so that the rotation matrix is?
i S$S$ -set$ ce 1 t Here and in other lengthy mathematical expressions we adopt the shorthand notation sq5 for sin q5, cq5 for cos q5. Now Jeffery has shown that a general ellipsoidal particle on which no net hydrodynamic torque is exerted will rotate in a general linear shear flow with an angular velocity given relative to the principal axes of the particle by where Here a,, a2 and a, are the semi-diameters of the ellipsoid and and E;, are the components in the x'y'z' frame of the vorticity and strain-rate tensors of the undisturbed flow. Using the co-ordinate transformation between the two frames, we find these components for our simple shear flow are E . J . Hinch and L. G. Leal Because of the symmetry in the equations ( l ) , it is not necessary to examine the whole 849 space; 0 < 8 < 7r, 0 < 4 < 27r, 0 < $ < 27r. In particular, since the equations are invariant under the transformations Although the equations (1) are extremely complex, some general properties can be discerned by careful examination, and these are helpful in deciding upon a method of representing the solution. First it will be noted that the angle 4, which measures the rotation of the particle z' axis about the vorticity, is monotonically decreasing in time for all values of 8 and $ because l a 1 + 1/ 31 < Q. Furthermore ( l a ) and ( l c ) which describe the change in 8 and $, are both periodic in 4 with a period of 7r. This combination suggests a relatively simple representation for the particle motion; namely, the values of (8, $) at decrements of 7~ in 4. Thus we could plot 8 wersus $ for + = q50 -n7r where n = 1,2, . . . to produce a sequence of points in the 8$ plane. This is tantamount to projecting the particIe rotation from the fuII three-dimensional orientation space onto the two-dimensional space 8 9 at constant intervals in 4. For the most part we will take 4o = 0. 
Rotation of non-axisymmetric particles in simple shear
where w = r / ( r 2 + 1). As we have noted earlier, the orbit constant C ranges between 0 and 03. A sketch of the orbits for r = 1 (a sphere) and r > 1 (a prolate spheroid) is shown in figure 2. In the former case, a = 0 and thus 8 = constant and g5 = #o -it,
i.e. the orbits are simply circles about the z axis as shown. I n this case $ = constant also and so the 8$ plot for g5 = g50 -nn reduces to a single fixed point for any g50.
For r > 1, the projections of the orbits in 8 and # onto the xg plane are ellipses rather than circles, and the particle shows a preferential alignment near the x axis (i.e. the direction of flow) for all orbits with C 2 l / r .
. . The dots mark when q5 = -nn.
In this case, the spin equation is non-trivial. Figure 3 shows $ as a function of q5. Although it might at first appear that the net change in $ over a period in q5 (i.e. Aq5 = -n) should be zero, the particle actually spends more time in the aligned position (near q5 = nn+ in) than it does in the cross-stream orientation where q5 is near nn. Since $ < 0 for q5 near &r, the spin angle decreases over a complete orbit; i.e. there is a net rotation of the particle about its axis of revolution. In contrast, 8 is periodic both in q5 and time and returns to its initial value for every q5 = $, , -nm. Thus the exact solution for spheroids, when plotted as 8 versu9 $ for decrements in q5 of n, consists of a set of points lying in a horizontal straight line and moving from right to left; this is sketched in figure 4. We shall later find it convenient to draw smooth curves between the points (8, $) for q5 = q5, , -nn and it is therefore important to realize that this is somewhat misleading. In particular, in the case of spheroids, this 'smooth curve' would seem to suggest 8 = constant for all $. This is not true in general. 6 is periodic in q5 with period z, but far from being constant 8 first increases (r > 1) as q5 drops from n to $77 and then decreases back towards its original value as q5 moves from in to 0. This means that a plot of B versw $ for continuous values of q5 would show loops like those sketched with dashed lines in figure 4. The magnitude of these loops decreases toward both C = 0 (i.e. 8 3 in) and C = co (i.e. 8 E 0) where they are non-existent.
Let us now turn to the solution of (1) and its representation for non-axisymmetric ellipsoids. 
Numerical solution for a general ellipsoid
Due to the complexity of the governing equations for particle rotation when a, / 3 and y are non-zero, it was necessary to resort to a numerical method in order to obtain a solution for general ellipsoids. The governing equations (1) were soived using a fourth-order Runge-Kutta method. A time step of 0.5 was found to give an accuracy of better than for a time corresponding to A$ = -n. The values of 8 and I+? for $ = -nn were found by linear interpolation between their values at the nearest two time steps. This linear interpolation gives an accuracy of better than and so a higher-order interpolation scheme did not seem necessary. It was found convenient to keep $ in the range ( -n, 0), 0 in (0, an) and $ in (0, in) using the symmetries (2).
A representative series of solutions is shown in figure 5 for particles ranging from prolate and nearly axisymmetric (case a ) to oblate and axisymmetric (case d ) . These were obtained with a3 held fixed and the ratio a, to a2 gradually decreased, holding arrows indicate the direction of progression with time. It should be remembered that, as in the case of a prolate spheroid (figure 4)) the continuous (B,$) path in time is considerably more complicated than that suggested by the loci of points at decremental values of $. This is illustrated in figure 6 where we have plotted in dashed curves the continuous trajectories for case b of figure 5 for two sets of initial values. For comparison, the lows of points obtained at decremental values of $ is also plotted as the solid lines. It is evident that the spiral character noted previously for the prolate spheroid is preserved by the general non-axisymmetric ellipsoids. The symmetries (2) of the governing equations impart symmetries to the solutions which in particular mean that the loci in figure 5 are mirrored about $ = 0, $ = &r and 0 = in. Thus when plotted on a larger domain of the B$ plane, most of the loci in figure 5 are seen to be closed curves. I n fact the lines drawn between the discretely generated points in figure 5 are not arbitrary only because the curves do close thereby making the points dense on the curve. This feature of closed curves implies that the rotationof a general ellipsoidal particle has a doubly periodic structure, the progression around the closed curves in figure 5 superimposed on the $-rotation around the vorticity .
Examination of the various cases in figure 5 shows a definite progression in the structure as the particle geometry changes from a prolate to oblate shape. I n parti-cular the 'straight lines' of the axisymmetric prolate ellipsoids (figure 4) give way first (case a ) to a 'cat's-eye' structure centred at $ = 0, 8 = &r. Between cases a and b this system of closed curves expands to fill the majority of the 8$ space, while at the same time a new system of closed curves starts from 9 = 8 = $ 7~. As the particle becomes more oblate (case c) this second system grows at the expense of the first, until in the axisymmetric oblate limit (case d ) the second system fills the entire 8$ space.
One of the most interesting features in this sequence is the change in structure between the exactly axisymmetric prolate spheroid (JZ,42,3) of figure 4 and the nearly axisymmetric case (a) with axis lengths (1.2, 1.67, 3). Although there is only a 15 yo deviation in the lengths of the axes a, and a2 between the two cases, the particle motion is changed profoundly. It may be seen from equation (3) Thus, for an axisymmetric particle when #J = -nr, 8 is a constant as we see in figure  4 . When we turn to the slightly non-axisymmetric case a in figure 5 , however, we see that the value of 8 when #J = -nnundergoes major periodic oscillations with maximum variations up to & 60". For an axisymmetric particle this would correspond to periodic changes in the orbit constant in the range -1.73 < 1/C < 1.73. This major change in the particle motion, with only a modest departure from axisymmetric geometry, is both surprising and highly significant to the bulk properties of a suspension.
The sequence of changes in structure with changes in particle geometry will be discussed in the following section in which we will see the changes are associated with changes in the stability of certain planar rotations. But before this we must point out that part of the change is a consequence of focusing attention on one particular axis of the particle, rather than a fundamental change in the rotation of the particle: the prolate spheroid (42,42,3) of figure 4 and theoblatespheroid ($, 3,3) of figure 5 (d) both rotate in Jeffery orbits, but this common feature is not apparent in the two figures. For both spheroids the polar angle between the axis of revolution for the particle and the vorticity vector must be a constant for any constant value of the corresponding azimuthal angle. The reason that this similarity in behaviour is not apparent in figures 1 -axis is the axis of revolution for the disk of case (d). Indeed the curves exhibited in figure 5 ( d 
The stability of planar rotations
The intermediate transitions between figure 5 ( a ) and (b) , where a second system of closed trajectories begins at 8 = $ = +n and between figure 5 ( b ) and (c), where this second system of trajectories expands to include all 8 at $ = +n can best be described in terms of the stability of certain planar rotations. To clarify this description, it is important to note that the angular combinations 8 N $ N in; 8 N in, $ -0 ; and 8 N 0 correspond, respectively, to the a,, a2 and a3 axes of the ellipsoid being nearly aligned with the vorticity. Thus, with a, < a2 < a3 and a2 near a, (figure 5a), the ellipsoid can rotate indefinitely with either the a2 or a3 nearly aligned with the vorticity (such rotations are both planar and stable), but rotations which begin with the a, axis aligned with the vorticity cannot remain near there and are thus said to be unstable. At the first transition, however, as a2 increases from a, towards a3, these latter planar rotations become stable and the particle can rotate indefinitely in any of the three possible configurations in which one axis is nearly aligned with the vorticity. At the second transition, which occurs with further increase of a2, rotations with the a3 axis nearly aligned with. the vorticity become unstable, leaving the ellipsoid able to execute planar rotations indefinitely only when the a, or a2 axes are aligned with the vorticity. We thus see that ellipsoids which are neither very close to oblate or prolate in shape can rotate in a stable planar orbit provided that any of its axes is aligned with the vorticity. However, as the length of the intermediate axis approaches sufficiently close to either the short or long axis, the particle can execute stable planar rotations only with the intermediate axis aligned with the vorticity, the other stable rotation corresponding more to a 'spin' about the axis whose length is much less (or greater) than that of the other two.
The connexion between the first and second transitions can be seen by examining the invariance properties of equation (1) . If each of the a, is replaced by its reciprocal, the shape factors B, and consequently the shape factors a, p and y all change sign. Then, if the angle 4 is advanced by Qn, the changes of sign of the a, / 3 and y are cancelled in equation (1), returning the equation to its original form. Without loss of generality, therefore, we need only examine the second transition with a, < a2 < a3 and a2 nearer to a3 than a,. Our objective then is to determine the critical value of a3/a2 as a function of the ratio of u2/u1 at which the planar rotations with 8 N 0 change their stability.
To examine the second transition, we approximate equation ( 1 ) for small 8, Now the changes in q5 + $ represent the total spin of the a, axis around the vorticity when the a3 axis is nearly aligned with the vorticity (as opposed to q5 which is the spin of the a3 axis about the vorticity and $ which is the spin of the a, axis about the a3 axis), while the shape factor y involves only the aspect ratio a2/a1. Thus, with the a3 axis nearly aligned with the vorticity it is only the shape of the ellipsoid in the plane perpendicular to the vorticity, i.e. the a2/al aspect ratio, which affects the rotation of the a, and a2 axes. An asymptotic analysis of the transition problem is possible for a2/al large or near to one. In the near sphere study of $5, we will show that the critical value of .,/a, is $( 1 + a,/a,) in the limit as a2/a1 --f 1, and this asymptotic result is within 10 yo of the numerical result when a2/a1 < 6. When a,/a, is large, the above equation for q5 can be integrated asymptotically to find the critical value of a3/a2 -&r(a,/a,)* as a2/a1 -+ co. This asymptotic prediction is within 10 yo of the numerical results when a,/u, > 18. We introduce a second slow-time scale T = s2t as an independent variable in (1) and express 8, $ and @ as regular asymptotic expansions in the small parameter e, e.g.
Nearly spherical particles

8(t;
) = Oo(t, T) + d31(t, T) + s28,(t, T) + . . . .
The governing equations a t O( 1) in E are then
These equations have the simple solution 
and O,(T) is a further drift function which is determined at O(e3).
The general form of the governing equations a t O(e2) is aB,/at + aO/aT = C ( T ) cos 2t + D(T) sin 2t + E(T), in which C , I) and E can be expressed in terms of 0, for the above equation is aO/aT = E . We thus obtain drift equations and Y. The secularity condition
ay/aT = &0[(-5+ 1 4 p + 3 -2 ) -( 3 --) 2~2 0 -~( 3 -p ) and
We see that the problem has decoupled: we can solve first for drift functions 0 and Y, and then afterwards find CD the less interesting correction to the particle rotation about the vorticity. The qualitative nature of the solution of (4a) and (4c) An analytic solution to (4a) and (4c) can be obtained in the nearly axisymmetric limit of the near spheres. This solution will be a useful guide for the more general analysis in the next section of the ncarly axisymmetric ellipsoid. We take 
Nearly axisymmetric ellipsoids
A second, more general, problem lends itself to analytical solution of the equations (1). This is the case of a nearly axisymmetric ellipsoid of arbitrary axis ratio. A convenient choice for the present analysis is a, = 1-e, a, = 1 + e and a, = r, where r is the axis ratio, and e is the asymptotic parameter, e < 1, which defines the magnitude of the deviation from axisymmetric geometry. Corresponding to these definitions we have r2-1 2r2e
(1 + 0 ( € 2 ) ) , p = --+ O ( @ ) and y = ~E + O ( E~) . a = -2 ( r 2 + 1)
The anaIysis of the previous section for nearIy axisymmetric near spheres suggests that the motion of a general nearly axisymmetric particle will consist of two parts; a relatively rapid rotation which corresponds approximately to the motion of an axisymmetric particle about a Jeffery orbit, and a slower drift due to the nonaxisymmetric shape. Both motions are periodic. When the particles are nearly axisymmetric, the region of closed curves is restricted to 0 near ST and the drift period becomes very long relative to that for the orbital rotation. Indeed, the analysis for ao -0 and ay -= F X ,
and G ( r ) = ~ (r2 + 1)' (cos27 + r2sin2~)i
Here the angled brackets denote an average with respect to 7 . F ( r ) = 1 ( r r ) ( cos2r -r2 sin2 7 2 r2+ 1 (cos2~+r2sin2r)* The solution curves for the drift equations are given by where, as in the near sphere analysis of the previous section, K -1 is a constant for each curve, and the curves with K < 1 are closed. We have thus predicted again the cat's-eye structures of figure 5 (a), now for general nearly axisymmetric ellipsoids.
The maximum value A8 of the drift in 8, which occurs for the K = 1 curve a t $ = 0,
It can be shown that
For intermediate values of r , however, the ratio 2 G l F must be evaluated numerically.
In table 2 we give 2GIF as a function of r. To maintain accuracy a t large r in the integral for F , we found it necessary to subtract off the singular form of the integrand near r = 0 and to integrate the singular part analytically. The asymptotic form of 2 G I F for large r is within 10 yo of the numerically obtained values for r > 8 and within 1 yo for r > 30, while the asymptotic form for r near 1 is within 10% for r < 2 and I yo for r < 1.25.
I n table 2 we also give values for A6 predicted by the asymptotic theory of this section and compare them with values obtained by numerical solution of the full equations (l), as described in 8 3. We have studied nearly axisymmetric ellipsoids with 5 and 2&y0 variations from axisymmetry, respectively, i.e. a, = 0.95 or 0.975 and a2 = 1-05 or 1.025 with a3 = r. The most striking feature of table 2 is the large values of A6 which result from small errors in axisymmetry. For r = 1.3 and only a 24% deviation from axisymmetry, or for r = 1.3 and 2 and a 5 yo deviation from axisymmetry, the particle can drift from rotation with the 3-axis in the plane perpendicular to the vorticity to rotation in which the 3-axis comes within approximately &r of the vorticity. This is in sharp contrast with the case of an exactly axisymmetric particle which would rotate in the plane for all time if it started in the plane. Even for r = 30 a 24 Yo variation from axisymmetry produces a drift in 6 from &7r to approximately (i.e. A 6~h n ) .
It may be seen that our asymptotic theory tends to overestimate the maximum orbital drift A6, but the discrepancy is only significant when the orbit drift is quite large (10 yo when A6 = in, 3 yo when A6 = &), and in these circumstances the asymptotic theory is not expected to be valid.
Conclusions
We have shown that deviations from axisymmetric geometry result in relatively large changes in a particle's rotation. For general non-axisymmetric ellipsoids, the motion is doubly periodic; a relatively rapid rotation which corresponds to the motion of axisymmetric particles around Jeffery orbits, and a slower drift which would be describable as a periodic change in the orbit if the particle were axisymmetric. If the deviation from the axisymmetry is 6 the period of this second drift is O(s-4) and the polar angle varies over a range O(e4). While the limit of axisymmetry is thus regular, the relatively sharp change in the motion with small changes in shape means that the motion and bulk properties of a suspension are more sensitive to the choice of particle geometry than had previously been thought. Thus the use of theoretical results for suspension of spheroidal particles as models for the interpretation of measurements in real solutions of rod-like molecules or particles may be misleading unless it is known that the molecule/particle shape is precisely axisymmetric.
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